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Noetherian Rings Whose Annihilating-Ideal Graphs Have finite 

Genus 


F. Aliniaeifard, M. Behboodi*and Y. 


Abstract 

Let i? be a commutative ring and A{R) be the set of ideals with non-zero annihilators. The annihilating-ideal 
graph of R is dehned as the graph AG(i?) with vertex set A{R)* = A\ {(0)} such that two distinct vertices / and 
J are adjacent if and only if JJ = (0). We characterize commutative Noetherian rings R whose annihilating-ideal 
graphs have hnite genus 'y{AG{R)). It is shown that if i? is a Noetherian ring such that 0 < 7(AG(i?)) < cxd, 
then R has only hnitely many ideals. 
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1 Introduction 

Throughout this paper, R denotes a commutative ring with 1 7^ 0. Let X be a subset of R. The annihilator of X is 
the ideal Ann(X) = {a £ R : aX = 0}. We denote by |y | the cardinality of Y and let F* = F \ {0}. Let F be a 
vector space over the field F. We use the notation v.dimF(F) to denote the dimension of V over the field F. 

Let Sk denote the sphere with k handles where A: is a non-negative integer, that is, is an oriented surface of 
genus k. The genus of a graph G, denoted 7(G), is the minimal integer n such that the graph can be embedded in 
Sn- For details on the notion of embedding a graph in a surface, see, e.g., |[T4l Chapter 6]. Intuitively, G is embedded 
in a surface if it can be drawn in the surface so that its edges intersect only at their common vertices. An infinite 
graph G is said to have infinite genus (7(G) = 00) if, for every natural number n, there exists a finite subgraph Gn 
of G such that 'y{Gn) = n. We note here that if FA is a subgraph of a graph G, then 7(iA) < 7(G). Let Kn denote 
the complete graph on n vertices; that is, Kn has vertex set V with \ V\ = n and a — 6 is an edge for every distinct 
pair of vertices a,b £ V. Let K^^n denote the complete bipartite graph; that is, Kjn,n has vertex set V consisting of 
the disjoint union of two subsets, Vi and V2, such that |Ti| = m and IV2I = n, and a — A is an edge if and only if 
a € Vl and b £ V2. We may sometimes use denote the complete bipartite graph with vertex sets Vi and 

V2. Note that Km,n = Kn,m- It is well known that 

(1.1) l{Kn) = [111 —for all n > 3 , and 

(1.2) for all n > 2 and m >2 

(see ifTOll and f9l|, respectively). For a graph G, the degree of a vertex p of G is the number of edges of G incident 
with deg{v). 
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Let i? be a ring. We call an ideal I of R an annihilating-ideal if there exists a non-zero ideal J of i? such that 
IJ = (0). We denote by K{R) the set of all annihilating-ideals of R, and for an ideal J of R, we denote by I(J) 
for the set {/ : I he an ideal of R and I C J}. Also, by the annihilating-ideal graph AG{R) of R we mean 
the graph with vertices A{R)* = A{R) \ {(0)} such that there is an (undirected) edge between vertices I and J if 
and only if / 7 ^ J and IJ = (0). Thus, AG(i?) is the empty graph if and only if R is an integral domain. The 
notion of annihilating-ideal graph was first introduced and systematically studied by Behboodi and Rakeei in Il5jl6l. 
Recently it has received a great deal of attention from several authors, for instance, |[Il|2l|3l (see also ifT^ . in which 
the notion of “graph of zero-divisor ideals” is investigated). Also, the zero-divisor graph of R, denoted by r(i?), 
is an undirected graph with vertex set Z{R)* = Z{R) \ {0} such that two distinct vertices x, y are adjacent if and 
only if xy = 0 (where Z{R) is the set of all zero divisors of R). The interplay between the ring theoretic properties 
of R and the graph theoretic properties of T{R), begun in [4]. Several authors recently investigated the genus of a 
zero-divisor graph (for instance, see ifTTlfTSlfTSlfT^ l. In particular in ifT^ Theorem 2 ], it was shown that for any 
positive integer g, there are finitely many finite commutative rings whose zero-divisor graphs have genus g. In |[3l|, 
the first and second authors investigated the genus of annihilating-ideal graphs. They showed that if R is an Artinian 
ring with "/{AG{R)) < 00 , then either R has only finitely many ideals or {R, m) is a Gorenstein ring {R, m) with 
v.dim/j/n^m/m^ < 2. 

In this paper, we continue the investigation of genus of annihilating-ideal graphs. We first show that Noethe- 
rian rings R (whose all nonzero proper ideals have nonzero annihilators) with 0 < 7 (AG(i?)) < 00 have only 
finitely many ideals. Then we characterize such Noetherian rings whose annihilating-ideal graphs have finite genus 
(including genus zero). 

2 Preliminary 

We list a few preliminary results which are needed to prove our main results. The following useful remark will be 
used frequently in the sequel. 

Remark 2.1 It is well known that if G is a vector space over an infinite field F, fhen V can nol be fhe union of 
finilely many proper subspaces (see for example Q p.283]). 

A local Arfinian principal ideal ring is called a special principal ideal ring and if has only finilely many ideals, 
each of which is a power of fhe maximal ideal. 

Lemma 2.2 ^Lemma2.3] Let {R,xn) be a local ring with = (0). Iffor a positive integer n, y. dim 
1 and m"^ is a finitely generated R-module, then I(m”) = {m* : n < i <t}. Moreover, ifn = 1, then R is a special 
principal ideal ring. 

Lemma 2.3 Let {R, m) be a local Artinian ring. If I € I(m”“^) \ I(m”) for some positive integer n, is a nonzero 
principal ideal, then |I(/)| = |I(/ fl m”)| -|- 1. 

Proof. Since I G I(m"^“^) \ I(m") is a nonzero principal ideal, fhere exisfs x G \ m” such fhaf I = Rx. Lef 
J G I(i?x) such fhaf J I and lef y G J. Thus y = rx for some r G R. If r ^ xn, fhen r is an invertible elemenf 
and so Ry = Rx, yielding a confradicfion. Thus we have r G m, so y = rx G m". Therefore, J G I(m"). Hence 

|I(I)| = |I(/nm^)|+ 1. □ 

Lemma 2.4 Let (R, m) be a Gorenstein ring. If I is a principal ideal such that |I(/)| = 3, then C Ann(I). 

Proof. Since I is a principal ideal, I = Rx for some x G R. Since Rx = i?/Ann(x) and Rx has only one 
nonzero proper /(-submodule, m/Ann(x) is fhe only nonzero proper ideal of i(/Ann(x). If ^ Ann(x), fhen 
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Ann(x) + = m, and by Nakayama’s lemma (see lUl (4.22)]), Ann(x) = m, yielding a contradiction. Thus 

C Ann(x) = Ann(/). □ 

Lemma 2.5 Let (R, m) be an Artinian Gorenstein ring with |i?/m| = cx) such that m*+^ = (0)(t > 5), 

< 2 and v.dim= l(wheres = t — lort — 2). If'y{AG{R)) < oo, 
then = 1. 

Proof. Let k = t — s. Suppose on the contrary that v.dim^/n^m^'/m^"''^ = 2. Let xi G \ m^'*'^. Assume that 
^ Rxi- By Lemma 1231 |I(i?xi)| = fl iixi)| + 1. Since ^ Rxi, either n Rxi = m* 

or n Rxi = m*“^. We conclude that |I(i?xi)| is either 3 or 4. If |I(i?xi)| = 3, then by Lemma |2^ 
C Ann(xi), and so C Ann(xi). 

Assume that |I(2?xi)| = 4. If C Ann(xi), then C Ann(xi). Suppose that ^ Ann(xi). Since 
i?xi = i?/Ann(xi) and Rxi has only two nonzero proper ideals, m and Ann(xi) + are the only nonzero proper 
ideals of i?/Ann(xi). Therefore, Ann(xi) + = Ann(xi) + m^, and so (Ann(xi) + = (Ann(xi) + 

Thus Ann(xi)m^“'^ + = Ann(xi)m*“^ + C Ann(xi). Therefore, C Ann(xi). So, in 

both cases, C Ann(xi). Thus if ^ i?xi, then C Ann(xi). 

Assume that C i?xi. Note that m^xi = / {Ann{xi) n m^). Since m^xi C and by Lemma 1231 

|j(^fc+i)| ^ v.dim^/^((Ann(xi) fl m^) + = 1, so Ann(xi) D (m*^ \ / (0). 

Let X 2 G Ann(xi) fl (m^ \ Then C Ann(x 2 ) since C i?xi. Therefore, C Ann(xi) or 

mt-2 ^ Ann(x2). 


LetX2i-i G (i > 2 ) such that {x2i-i +m^’''^,X2 and {x2i-i +m^+^,X2j-i (for 

each j = 1 , 2 , • • • , i — 1 ) are bases for 

We claim that C Rx2i-i- Suppose on the contrary that m*“^ ^ Rx2i-i- Therefore, by Lemma 1231 
|I(i 2 x 2 i-i)| = n f?X2i-i)| + 1 . Since ^ Rx2i-i, n Rx2i-i = m* or n Rx2i-i = m*“^. 

We conclude that |I(i 2 x 2 i-i)| is either 3 or 4 . If |I(i 2 x 2 i-i)| = 3 , then by Lemma [T 41 C Ann(x2i-i), and so 
mt-2 ^ Ann(x2i-i). 

Assume that |I(i?X2i-i)| = 4 . If C Ann(x2i-i), then C Ann(x2i-i). Suppose that ^ 

Ann(x2i-i). Since Rx2i-i = i?/Ann(x2i-i) and i?X2i-i has only two nonzero proper ideals, m and Ann(x2i-i) + 

are the only nonzero proper ideals of i?/Ann(x2i-i). Therefore, Ann(x2i-i) +m^ = Ann(x2i-i) +m^, and so 
(Ann(x2i-i)+m^)m*“^ = (Ann(x2i-i)+m^)m*“^. Thus Ann(x2i-i)m*“^+m*“^ = Ann(x2j-i)m*“^+m*“^ C 
Ann(x2i-i). Therefore, C Ann(x2i-i). 

Since either G Ann(xi) or C Ann(x2), we conclude that either ( 0 ) = m*“^(i?xi + i?X2i-i) = 
mt- 2 m 2 — ^ (Q) Qj- ("Q) — nr*“^(i?X2 + Rx2i-i) = = m* / ( 0 ), yielding a contradiction. Thus 

C i?X 2 j-i. 

Since m^X2i-i G and |I(m^+^)| < oo, |I(m^X2i-i)| < oo. Note that m^X2i-i = m^/(Ann(x2i-i) n 

m^). Thus there are finitely many ideals between Ann(x2i-i) n and m^. So v.dimj:j/^(Ann(x2i-i) fl + 
mfc+i)/nx*:+i = hence Ann(x2i-i) fi (m^ \ / ( 0 ). 

Therefore, we can find X2i G Ann(x2i-i) n (m^ \ m^^^) and so C Ann(x2i). If Rx2i = Rx2j for some 
j = 1 , 2 , • • • , f — 1, then Rx2i{Rx2i-i + Rx2j-i) = 0, so 2 ?X 2 im^ = 0. Since = {Rx2i-i)m^ = 

(0), 3 is a subgraph of AG(i?), so by Formula ( 1 . 2 ) 7(r(ii)) = oo, yielding a contradiction. Since Rx2i G 

I(Ann(m*“^)) for each i, we conclude that |I(Ann(m*“^))| = oo. Since m*Ann(m*“^) = m*“^Ann(m*“^) = 
m*“^Ann(m*“^) = (0), Ar|]i(Ann(m*-2))|,3 is a subgraph of kG{R), so ^{kG{R)) = oo, yielding a contradiction. 
Therefore, v.dim^/^m^/m^+^ = 1 . □ 
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3 Main Results 


We first show that local Noetherian rings whose annihilating-ideal graphs have positive genus are Artinian. Next we 
show that Artinian rings whose annihilating-ideal graphs have positive genus have finitely many ideals [Theorem 
I3.2I1 . Finally, we characterize Noetherian rings whose all nonzero proper ideals have nonzero annihilators and 
annihilating-ideal graphs have finite genus (including genus zero) lTheorem l3.4L 

Proposition 3.1 Let Rbe a local ring with 0 < 7(AG(i2)) < oo. Then R is Artinian if and only if R is Noetherian. 

Proof. It suffices to show that if (-R, m) is a local Noetherian ring with 0 < 7 (AG(i?)) < oo, then (i?,m) is 
Artinian. By ||3] Corollary 3.6], either i? is a Gorenstein ring or R is an Artinian ring with only finitely many ideals. 
We may assume that (i?, m) is a Gorenstein ring. We want to show that {R, m) is Artinian. If there exists a positive 
integer n such that m" = then by Nakayama’s lemma, m” = (0). For every prime ideal P of R, C P. 

Thus m = P. Since every prime ideal is a maximal ideal, we conclude that R is Artinian. So we may assume that 
for every positive integer n, C m"^. 

If there exist x,y € m such that |I(i?x)| = 3, |I(i?y)| = 3, and Rx Ry. Then by Lemma [24l m^ C 
Ann(x) n Ann(y). Since Ann(m)m^ = (0), {Rx)m‘^ = (0) and {Ry)m‘^ = (0), we have 3 is a subgraph of 

7(AG(M)). Note that |I(m^)| = 00 . Thus by formula (1.2), 7(AG(i?)) = 00 , yielding a contradiction. Therefore, 
R has at most one principal ideal Rx such that |I(i?x) | = 3. 

Let Rz be a principal ideal of R other than Rx and Ann(m), Thus > 4. If |I(Ann(z))| = 00 , then 

A'|i[(Ann(z ))|,3 is a Subgraph of AG{R), and so by formula (1.2), 7(AG(ii)) = 00 , yielding a contradiction. Thus we 
may assume that |I(Ann(^;))| < 00 . We have the following cases: 

Case 1: < 00 . Then Rz and Ann( 2 ;) are Artinian ii-modules. Since Rz = R/Ann{z), by HI (1.20)] 

we conclude that R is Artinian. 

Case 2: |I(i? 2 ;)| = 00 . If |I(Ann(z))| > 4, Then 3 is a subgraph of AG{R). Thus by formula (1.2), 

'y{AG{R)) = 00 , yielding a contradiction. We conclude that |I(Ann(z))| < 3, and so Ann(z) € {Ann(m), 
Therefore, every principal ideal other than Ann(m) and Rx has degree at most 2, and it is adjacent to Ann(m) 
or Rx. We can also conclude that every ideal other than Ann(m) and Rx has degree at most 2. Thus AG(i?) is 
isomorphic to a subgraph of Figure 1, and so 'y{AG{R)) = 0, yielding a contradiction. □ 


Rx 



Figure 1 


We now state our first main result. 

Theorem 3.2 Let R be an Artinian ring with 0 < 7(AG(i2)) < 00 . Then R has only finitely many ideals. 
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Proof. By IS] Theorem 2.7], we have either R has only finitely many ideals or {R,m) is a Gorenstein ring with 
v.dim^/n^m/m^ < 2. So we may assume that {R,m) is a Gorenstein ring with v.dim^/,^m/m^ < 2. If |72/m| < 
oo, then one can easily see that R is a finite ring, so R has only finitely many ideals. Thus we can assume that 
|7?/m| = oo, 7(AG(i?)) = g for an integer g > 0, and v.dim/j/m(Ann(m)) = 1 . Since R is an Artinian ring, there 
exists a positive integer t such that = (0) and m* 7 ^ (0). Note that m* C Ann(m) and dim(Ann(m)) = 1, 
thus Ann(m) = m*. Let / be a minimal ideal of R. Then 7m = (0). Hence I C Ann(m) and so 7 = m*. Therefore, 
m* is the unique minimal ideal of R. We now proceed the proof using the case by case analysis. 

Case 1: f = 1, i.e., = (0). Then since m = m* is also the unique minimal ideal, R has exactly two proper 

ideals as desired. 

Case 2: t = 2, i.e., m^ / (0) and = (0). We first assume that v.dim^^/^m/m^ = 2. Let 7 / m^ be an 
ideal. If 7 / m, then since m^ C 7 and v.dim^/^7/m^ = 1, we conclude that 7 = Rx for some x € m \ m^. Note 
that Rx = 72/Ann(x). Since |I(7?x)*| = 2 (by Lemma 1231) . we conclude that there is exactly one ideal between 
Ann(x) and m. Therefore, v.dim^/mAnn(x)/m^ = 1. So, by Lemma[23] |I(Ann(x))*| = 2. We conclude that 
every ideal except for m^ has degree at most 2, so AG{R) is a subgraph of Figure 2, hence 7 (AG( 7 ?)) = 0, yielding 
a contradiction. Therefore, v.dim^/n^m/m^ = 1. Thus by Lemma 1231 7? is a special principal ideal ring and has 
only two nonzero proper ideals m and m^. 



Figure 2 


Case 3: f = 3, i.e., = (0). Recall that v.dim^/n^m/m^ < 2. First assume that v.dim^/n,m/m^ = 2. 

If v.dim^/n,m^/m^ > 2, then since = (0), we conclude that 7 f|][(n^ 2 )|_i is a subgraph of AG(7?). Note that 
|I(m^)| = 00 . Thus by Formula (1.1), 7 (AG( 7 ?)) = 00 , yielding a contradiction. Therefore, v.dim^/^m^/m^ = 1, 
and so by Lemma 1231 1(m^)* = {m^, m^}. 

We now claim that |I(Ann(m^))| = 00 . Let xi € m\m^. Then by Lemma l231 |I(72xi)| = |I(m^ n7?xi)| +1 < 
00 . Thus there are finitely many ideals between Ann(xi) and m. So v.dim(Ann(xi) + m^)/m^ = 1. Hence 
Ann(xi) n (m \ m^) / (Q). Let X 2 G Ann(xi). If ^ 72xi, then by Lemma 1231 |I(7?xi)| = |I(m^ fl 7?xi)| + 1. 
Thus |I(7?xi)| = 3, and by Lemma 1231 C Ann(xi). Therefore, C Ann(xi) or C Ann{x 2 )- Let 
X 2 i-i G m \ (z > 2 ) such that {x 2 i-i + m^, X 2 + m^} and {x 2 i-i + m^, X 2 j-i + m^} for j = 1 , 2 , • • ■ , z — 1 
be a basis for m/m^. If ^ 7 ?X 2 i-i, then C Ann(x 2 i-i). Since either C Ann(xi) or C Ann(x 2 ), 
we conclude that either (0) = m^(7?xi + Rx 2 i-i) = m^m = or (0) = m^( 7 ?X 2 + Rx 2 i-i) = m^m = m^, 
yielding a contradiction. Thus C 7 ?X 2 i-i. As in the above, Ann(x 2 i-i) n (m \ m^) 7 ^ (Q). We can find 
X 2 i G Ann(x 2 i-i) Fl (m \ m^). Since C Rx 2 i-i, C Ann(x 2 i). If Rx 2 i = Rx 2 j for some j = 1, 2, • • • , z — 1, 
fhen Rx 2 i{Rx 2 i-i + 7 ?X 2 j-i) = 0, and so 7 ?X 2 im = 0, yielding a confradicfion since Ann(m) = Since 
Rx 2 i G I(Ann(m^)) for each z, so |I(Ann(m^))| = 00 , as we claimed. Nexf we characterize fhe degree of every 
ideal m 7 ^ 7 0 I(m^) in AG(7?): 

Typel: ^ 7. By Lemma 1231 |I(7iz/)| = 3, fhus if is easy fo see fhaf I is a principal ideal, so 7 = Ry for 

some y G m. Also, by Lemma 1231 C Ann(y). Since v.dim(Ann(y)/m^) = 1, fhere exisfs 2 : G Ann(y) \ m^ 
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such that Ann(y) = Rz + If C Rz, we conclude that Ann(y) = Rz. So by Lemma|I(Ann(y))| = 4. 
Therefore, deg{I) = 3 and I is adjacent to and m^. If ^ Rz, then |I(i? 2 ;)| = 3 and by Lemma |2A1 
rn^Rz = (0). Since Ann(?/) = Rz + and m^Rz = (0), we conclude that Ann(y) = Ann(m^). Thus 
i?yAnn(m^) = (0), m^Ann(m^) = (0), and m^Ann(m^) = (0). Therefore, Ar|j(Ann(m 2))|,3 is a subgraph of 
AG(i?), and so by Formula (1.2), 7 (AG(i?)) = oo, yielding a contradiction. 

Type 2: C I. Since v.dim^/^(//m^) = 1, there exists z € / \ such that I = Rz + m^. If C Rz, 

we conclude that I = Rz. If C Ann( 2 ;), then there exists exactly one ideal between Ann( 2 ;) and R. Since 
Rz = R/Ann{z) and by Lemma 1231 = 4, we conclude that there exist two ideals between Ann( 2 ;) and 

R, yielding a contradiction. Thus ^ Ann( 2 ;). Therefore Ann( 2 ;) is a ideal of type 1. So Ann(z) is a principal 
ideal and |I(Ann( 2 ;))| = 3, thus deg{I) = 2. If ^ Rz, then by Lemma 1231 and Lemma l2!4l vn^Rz = (0). Since 
I = Rz + and m^Rz = (0), we conclude that I = Ann(m^). If deg{I) > 3, then Ar|j(Ann(m 2))|,3 is a subgraph 
of AG(i?). Since |I(Ann(m^))| = oo, by Formula (1.2), 7 (AG(i?)) = oo, yielding a contradiction. Therefore, 
deg{I) = 2 and I is only adjacent to and m^. 

Therefore, every ideal (except for and m^) has degree at most 3, and every ideal with degree 3 is adjacent 
to and m^. We conclude that 7 (AG(ii)) is a subgraph of the graph in Figure 3 below, and so 7(AG(i2)) = 0, 
yielding a contradiction. 



Figure 3 

Case 4: f > 4. Since = (0), Ar|i(m3)|-3,3 is a subgraph of AG(ii). So by 

Formula (1.2), [(|I(m^)| — 5)/4] < g. Hence, |I(m^)| < 45r + 5. If v.dim^/n^(m^“^/m*) > 2, then Remark |2T] 
implies that |I(m*“^)| = oo. Since = (0) and t > 3, is a subgraph of AG{R). Therefore, 

by Formula (1.1), 7 (AG(i?)) = oo, a contradiction. Thus v.dim^/n^(m*“^/m*) = 1. Hence, by Lemma 1231 there 
exists X G such that = Rx. 

Now we prove that v.dimj:j/mta/m^ = 1. Suppose on the contrary that v.dimj:j/mta/m^ = 2. By Lemma l24l 

C Ann(x), and since m/Ann(x) is the only nonzero proper ideal of i?/Ann(x), v.dim^/niAnn(x)/m^ = 1. Let 
{yi + m^, y + m^} be a basis for m/m^ such that {yi + m^} is a basis for Ann(x)/m^. Since m* is the only minimal 
ideal of R, m* C Ry and |I(i2y)| > 3. If |I(i2y)| = 3, then by Lemma 1341 m^ C Ann(y). So C Ann(y). 
Hence, m*“^m = (0) (m*“^(i?y) = (0) and m^~^{Ryi) = (0)), a contradiction. Therefore, |I(i?y)| > 4. We now 
divided the proof into two subcases according to whether or not |I(i?y)| = oo, and show that both subcases are 
impossible. 

Subcase 4.1: 4 < |I(i2y)| < oo. We now claim that v.dim^/rn^^/^^ = 1 - Suppose that v.dim^/rn^^/'^^ = 
I > 3. Since xn^y = m^/Ann(y) n and |I(m^y)| < |II(m^)| < oo, we conclude that v.dim^/n^(Ann(y) n m^ + 
m^/m^) = 1 — 1, and so \I{Ann{y))\ = oo. Since Ar|i(Ann(?;))|,|i(i?y)| is a subgraph of AG(i?), by Formula (1.2), 
7 (AG(i?)) = oo, yielding a contradiction. So we have v.dim^/^m^/m^ < 2. 
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Assume that t = 4. Suppose that v.dim^/n^m^/m^ = 2. Recall that v.dim^/,^m/m^ = 2. If there exists w G 
m \ such that |I(i?u;)| = 3, then by Lemma IZ4l C Ann(w). Therefore, {Rw)m‘^ = = (0), 

and so iT|][(^ 2 )| 3 is a subgraph of AG(i?). Thus by Formula (1.2), 7 (AG(i?)) = 00 , yielding a contradiction. So for 
every m G m \ we have |I(i?r(;)| > 4. 

Let s G m^\m^. Then by Lemma lTTl we have C Rs. SmceI{Rw) = |I(i?r(;)| > 4. We 

conclude that every ideal except contains and so every ideal except contains m^. Let {ri +m^, r 2 +m^} be 
a basis for m/m^. Then since C Ann(ri) D Ann(r 2 ), we have m^m = (0), yielding a contradiction. Therefore, 
v.dim^/^mVm^ = 1 . 

Let u G m \ m^. Then by Lemma|I(i?u)| = 3, 4 or 5. If |I(i?u)| = 5, then since Rv = i?/Ann(v), we 
must have three ideals between Ann(v) and R. But since by Lemma |2^ we have Ann(r;) + C Ann(u) + m^. 
Thus there only exist two ideals between Ann(v) and R, yielding a contradiction. Therefore, for every u G m \ m^, 
|I(iir;)| = 3 or 4. If |I(i?u)| = 3, then by Lemma |2^ C Rv. |I(iir;)| = 4, then since Rv = i2/Ann(u), there 

exist only two ideals between Ann(r;) and R, we conclude that C Ann(u). Again, same as above m^m = (0), 
yielding a contradiction. 

So we assume that t > 5. Then by Lemma 1231 v.dim^/n^m^/m^ = 1. Since v.dirnjij/mt^/tn^ < 2, again by 
Lemma 1231 v.dim^/^m/m^ = 1, yielding a contradiction. 

Subcase 4.2: |I(i??/)| = 00 . Suppose that v.dim^/n^m^/m^ > 2. If |I(Ann(y))| > 4, then is a sub¬ 

graph of AG(i?) and so by Formula (1.2), 'y{AGR) = 00 , a contradiction. We may assume that |I(Ann(y))| = 3. 
Since = m^/(Ann(y) D m^), there exist only finitely many ideals between Ann(y) and m^. Therefore, 
Ann(y) ^ and so there exists z G Ann(y) \ m^. Since |I(Ann(y))| = 3, Rz = Ann(y). Thus by Lemma l24l 
C Ann(z) = Ann(Ann(y)). Since m^Ann(y) = (0), = (0), and = (0), 3 is a subgraph 

of AG(ii). So by Formula (1.2), 7 (AG(i?)) = 00 , a contradiction. Therefore, v.dim^/^m^/m^ = 1 and by Lemma 
EH |I(m 2 )| < 00 . Also, by Lemma 1231 |I(i?y)| < 00 , yielding a contradiction. 

Therefore, we have either i? is a finite ring or v.dimj:j/mm/m^ = 1. In the latter case, by Lemma 1231 has only 
finitely many ideals. The proof is complete. □ 

Corollary 3.3 Let R be a Noetherian ring such that all non-trivial ideals of R are vertices of AG(i?). If Q < 
7 (AG(i 2 )) < 00 , then R is an Artinian ring with only finitely many ideals. 

Proof. By lE Theorem 3.5], ii is a Gorenstein ring or R is an Artinian ring with only finitely many ideals. So we 
may assume that Ris a Gorenstein ring. By Proposition 13.11 R is Artinian, and thus by Theorem 13.21 R has only 
finitely many ideals. □ 

We are now ready to state our second main result. As a consequence of Proposition 13.11 and Theorem 13.21 we 
obtain the following. 

Theorem 3.4 Let Rbe a Noetherian ring such that all non-trivial ideals of Rare vertices o/AG(i?) and y{hG{R)) < 
00 . If R is a non-local ring, then R is an Artinian ring with only finitely many ideals. Otherwise, either (i?,m) is 
a Gorenstein ring such that m” (for every positive integer n), AG{R) is a subgraph of Figure 1, and 

7 (AG(i?)) = II or R is an local Artinian ring with maximal ideal m such that m* 7 ^ (0) and = (0). 'We have 
the following.■ 

(a) 1ft = 1, then R is either finite or a special principal ideal ring. 

(b) 1ft = 2, then one of the following holds: 

(b.l) R is finite; 

(b.2) R is a special principal ideal ring; 
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(b.3) v.dim^/^m^/m^ = 1, v.dim^/^m/m^ = 2, R has infinitely many ideals, AG(i?) is a subgraph of Figure 2, 
and 7 (AG(i?)) = 0. 

(c) If t = 2>, then one of the following holds: 

(c.l) R is finite; 

(c.2) R is a special principal ideal ring; 

(c.3) v.dim^/^m/m^ = 2, v.dim^/^m^/m^ = v.dim^/^m^/m^ = 1, R has infinitely many ideals, AG(i?) is a 
subgraph of Figure 3, and 7 (AG(i?)) = 0. 

(d) If t > 4, then R is either finite or a special principal ideal ring. 

Proof. 

If i? is a non-local by l|3l Theorem 3.5], R is an Artinian ring with only finitely many ideals. So, we assume that 
i? is a local ring. As in the proof of Proposition 13.11 we conclude that either either {R, m) is a Gorenstein ring such 
that (for every positive integer n), AG{R) is a subgraph of Figure 1, and 'y{AG{R)) = 0 or i? is an 

Artinian ring. So assume that i? is a local Artinian ring with maximal ideal m. Then there exists positive integer t 
such that m* / (0) and = (0). If |i?/m| < oo, then one can easily check that R is finite. Now, we may assume 
that = oo. We have the following cases according to the value of t: 

Case 1: f = 1, i.e., = (0). Then by Case 1 in Theorem 13.21 i? is a special principal ideal ring. 

Case 2: t = 2, i.e., = (0). By Case 2 in Theorem 13.21 either R is a special principal ideal ring or 

v.dim^/^m^/m^ = 1, v.dim^/m^/tn^ = 2, R has infinitely many ideals, AG{R) is a subgraph of Figure 2, 

and so 7 (AG(i?)) = 0. 

Case 3: f = 3, i.e., = (0). By Case 3 in Theorem 13.21 either i? is a special principal ideal ring or 

v.dim^/^m/m^ = 2, v.dim^/n^m^/m^ = v.dim^/n^m^/m^ = 1, R has infinitely many ideals, AG{R) is a sub¬ 
graph of Figure 3, and so 7 (AG(i?)) = 0. 

Case 4: f > 4. By Case 4 in Theorem l3.21 ii is a special principal ideal ring. □ 
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